SU-4252-882 



Twisted Quantum Fields on Moyal and Wick-Voros Planes are 

Inequivalent 



A. P. Balachandran"^'^ 



and M. Martone*^ 



'^Department of Physics, Syracuse University, Syracuse, NY 13244-1130, USA 
^ Departamento de Matemdticas, Universidad Carlos III de Madrid, 28911 Leganes, Madrid, Spain 
^ Dipartimento di Scienze Fisiche, University of Napoli and INFN, Via Cinthia 1-80126 Napoli, Italy 

Abstract 

The Moyal and Wick-Voros planes A^'^ are *-isomorpliic. On each of these planes the Poincare 
group acts as a Hopf algebra symmetry if its coproducts are deformed by twist factors F^'^ . We 
show that the *-isomorphism T: Aq^ — > does not also map the corresponding twists of the 
Poincare group algebra. The quantum field theories on these planes with twisted Poincare-Hopf 
symmetries are thus inequivalent. We explicitly verify this result by showing that a non-trivial 
dependence on the non-commutative parameter is present for the Wick-Voros plane in a self-energy 
diagram whereas it is known to be absent on the Moyal plane (in the absence of gauge fields) 

Our results differ from these of J] because of differences in the treatments of quantum field 
theories. 
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I. INTRODUCTION 



General considerations on the coexistence of Einstein's theory of relativity and basic quantum 
physics, namely Heisenberg's uncertainty principle, strongly suggest that at energy scales close to 

3- 



the Planck scale, spacetime becomes noncommutative 
mutativity by the commutation relations 



We can model such spacetime noncom- 



\x^,Xu\ = iO^j^y (1) 

where 6^^ = —Ou^ are constants and are the coordinate functions on M" on which the Poincare 
group acts in a standard manner for Oi^^y = 0: 

x^{x) = Xfj,. (2) 

There are many noncommutative algebras of functions on spacetime with different products 
("*-products") which realize the commutation relations (1). But under suitable conditions, they 
are all *-isomorphic. Two such typical algebras are the Moyal and Wick-Voros planes Ag^ and . 
We recall their *-isomorphism in section 2. 

Relation ([1]) brings with it another problem: at first sight it seems that the noncommutativity 
of spacetime coordinates violates Poincare invariance. The L.H.S. of ([1]), in fact, transforms in a 
non-trivial way under the standard action of the Poincare group whereas the R.H.S. does not. But 
there is still a way to act with the Poincare group on A^'^ if its action is changed to the so- 



called twisted action [oj, Q, 0]. This modification changes the standard Hopf algebra associated with 
the Poincare group (the Poincare-Hopf algebra H to a twisted Poincare-Hopf algebra H^'^ 

In this paper, we establish that the ^-isomorphism T'.A^^ —>■ A^ , which isomorphically map 
Hg^ ^ does not extend to an unitary equivalence of the two Fock spaces. Quantum 

field theories on these planes with twisted Poincare-Hopf symmetries are thus not equivalent. We 
explicitly demonstrate this result by showing that whereas a non-trivial dependence on 6^^ of a 
self-energy diagram is absent for the Moyal plane in the absence of gauge fields, that is not the case 
for the Wick-Voros plane. 
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^ following the treatment in 



a. 



Our results differ from those of J] because of differences in approach to quantum field theories, 



II. ON TWIST-DEFORMATIONS OF ALGEBRAS 

The standard algebra = (=^(-^))^o) of functions on the Minkowski space-time TVi = is 
commutative with mo being the point-wise multiplication: 

moif <8) g){x) = f{x)g{x). (3) 

In order to get relation ([T]), we need to deform the product mo into a noncommutative one. This 
can be done using the so-called twist deformation . Let us call the twist and multiplication map 
vtiq and j-q tor Aq . ihen: 

My _ -rMy /.\ 

tUq ' = mo o ' (4) 

Hereafter we will call and Tg" respectively the Moyal and Wick-Voros twists and call the Moyal 
and Wick-Voros algebras Aq^ and A^ . 

In the following, for the sake of simplicity, we will work in 2-dimensions. The generalization to 
arbitrary dimensions will be done at the end. In 2-dimensions, we ca,n write Of^jy 3S 

0f.u = Oe^,, (5) 

eoi = - eio = 1 (6) 
where is a constant. Then the two twists assume the form: 

= exp U[d^®dy-dy® d^] (7) 

= exp \e\d,(^d^^dy® dy\ . (8) 

Given the above expressions, an explicit form for the noncommutative product of the functions 
in the two cases follows immediately, 

(/ ^M 9){x) = meif ® 9){x) = mo o T^{f ^ g){x) = f{x)e^^'"^^^^'g{x) , (9) 



{f*vg){x) = me{f®g){x) = mQoTj{f®g){x) = f{xyy"' ''J g{x) (10) 
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Ill for further 



If we let the *-product to act on the coordinates functions, we get in both the cases the noncom- 
mutative relation of ([1]). 

Not all the invertible maps from Ae^Ae onto itself are allowed as twists. Requiring the deformed 
product mg to be associative, we find a certain set of conditions. The two cases considered above 
fulfill all of them because the differential operators acting on Ag commute among themselves. It 
can be shown that this is a sufficient condition for mg to be associative, though it is not a necessary 
one. In general, the twist has to be a two-cocycle in the Hochschild cohomology, see 
discussion. 

We end this section with the mathematical definition of the equivalence of two deformations. It 
proceeds as follows: 

Definition 1 Two deformations of the algebra of functions Ag = {,^{Ai),mg) and A'g = 
{c^{A4),m'g) are equivalent if there exists an invertible map T from Ag A'g which is compatible 
with the product in A'g, that is: 

yf,gG^iM), T(/*g) = T(/)*'T(g) (11) 

Here * and *' are products induced by mg and m'^. 

Writing (jll|) in terms of the twist, we get the following condition: 



mooj^g = o mo o o (T (g) T) . (12) 

For the two deformations described above (namely Moyal and Wick-Voros), such a map T can 
be found 12, explicitly: We have 



T-.A^^A^, T = exp(^--V2j (13) 

As a final remark of this section, we want to observe that this map T cannot be seen as a 
realization of an element of a group since it involves the Laplacian, and that is not an element of 
its Lie algebra. 

Both A^ and A^ are *-algebras with * being complex conjugation of functions. It is easy to 
see that T is compatible with this * so that the algebras are *-isomporphic. 
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III. THE HOPF STRUCTURE ON SYMMETRY ALGEBRAS 



The nex. s.ep is s^cificafe.. of ..e Hopf a..eb.a s.uCu.e of a ...up * ac«„. o., .he 



algebra of functions (see 



m m 



17[ for Hopf algebras). This structure can be determined from 
considering the action of ^ upon the tensor product of functions. This latter is given by the so- 
called co-product indicated by A. Let C^^ be the group algebra of 5f . Then A is a homomorphism 
from to (g) C^: 

A-.m yg ew, f,he a [g]>{f (^h) = {p(s p){^{9)) °{f(^h) (u) 

Here p is the representation of on A and i> indicates the action of the group on functions. 
The explicit form of A is given by asking to be an automorphism of the algebra, that is the 
action of the group has to be compatible with the multiplication rule on A: 

[g] > m{f (g) h){x) = m{[g] >(f^ h)){x) (15) 

It is easy to see that in the commutative case Aq, on group- like elements, the co-product assumes 
the trivial form: 

Ao{g)=g®g (16) 



This co-product can be extended to 
The co-product above is not compatible 



yy lineal 

3,0,3 



)y linearity. 

with the action of ^ on the deformed algebra 



Ag . For the twist deformations of the algebra of functions A^'^ considered in ([5]), there is a 
simple "recipe" to get deformations A^'^ of Aq compatible with mg: 

where F^'^ are the realizations of the twist elements J-^'^ on A^'^ . For the two different twists 
considered above, namely Moyal and Wick-Voros ones, we will get two different deformations of 
the group algebra C^. Without going deeper into the deformation theory of Hopf algebras, we just 
note that the deformations we are considering here are very specific ones since we leave invariant 
the multiplication rule of deforming only the co-structures of the underlying Hopf algebra (in 
our case we only change Aq — > A^'^ leaving the group multiplication the same). 

We can now state when two Hopf algebra deformations of the above type are said to be equivalent 



Definition 2 Two twist deformations Fg and F'g are equivalent iff there exists an invertihle element 
7 € such that^ 

Fe =7®7^eAo(7"^) , (18) 
which for group-like element reduces to 

Fe = ^® jFgj-'^ (g) 7-^ . (19) 
Note that in terms of co-products, 

^eig) = 7 ® 7Ae(7"^57)7"^ ® 7~^ (20) 

which is precisely the condition for the equivalence of the two Hopf algebras Hq^ = (C^ ,m, Ag) 
and He'^' = {C^,m,A'g) Q 

This last equivalence condition is valid even if the co-products do not arise from Drinfiel'd's 
twists of Aq = Aq 

IV. CLASSICAL EQUIVALENCE OF DEFORMED ALGEBRAS WITH SYMME- 
TRIES 

We can now state the conditions for a (limited) physical equivalence of two deformed algebras 
with their associated symmetries. We need not assume that the deformed co-products below arise 
from Drinfel'd's twists: 

Definition 3 Two deformations, Ag and A'g, of the algebra of functions, Aq = Aq, which carry 
the action of the deformed Hopf algebras Hg, H'g (Hq = Hq) are classically equivalent^ if there 
exists an isomorphism map T between the two algebras such that the following condition is fulfilled: 

yg£He,\/f,heAg : T (^T {Ag{g) > f h) = A'gig^) > {T{f) T{h)) . (21) 



^ The condition that follows can be given a cohomological in terp retation, namely that the two twists have 

to be in the same equivalence class. For further details see |16| . 
^ The reason why we call it classical is because at this level we only deal with functions, that is classical 

fields. We did not however prove that the actual classical dynamics arising from the two deformations are 



the same. We hope to discuss this issue elsewhere in more detail in 18 1 
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Here g G Hg and T : g ^ g^^ is an isomorphism on C^. It can be written in a diagrammatic form 
using the following commutative diagram: 



Ae ® Ae A'^ A!g 



Ae{9) 



(22) 



Ae ® Ae > A'q ® A'g 



Here g € Hq. 



In the case of the Drinfel'd twists discussed above, T = 7 and gi^ = 'y~^g'j. 

The necessity for the characterization of the above equivalence condition as classical merits 
illustration by an example where two classically equivalent deformations, and even that with qual- 
ification, lead to differing physics. We now give such an example. 



V. INEQUIVALENCE OF MOYAL AND WICK-VOROS QFT'S 

We first show that at the classical level A'^'^ are equivalent when Poincare invariance is imple- 
mented by twisting the co-products by F^'^ . This result follows from direct computation of (jlSp 
since^ 

Ao(T-i) = exp (^^Ao(V2)^ = T-^ ® T-^ exp (^^20^ ^ (23) 
for T as in (jlSp . Since [V^, d^] = then in the case of Moyal and Wick-Voros: 



(T ® T)^,^Ao(T-i) = exp (^-^29^ ® = 



(24) 



To proceed further, let us first show that the TZ matrices in the case of Moyal and Wick-Voros 
planes are exactly the same. Hence the twisted statistics operators are equal for the Moyal and 
Wick-Voros planes. The proof is as follows. Recalling ([7][8]), the two twists can be written as: 

J-^=exp(^^9'^0^,®9^) (25) 
Ty = J^M^^^f^_Q^^QA^^MyV (26) 
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It is possible to prove, using a non-trivial construction, that the above equivalence is directly implied since 



the two spacetime algebras are isomorphic with the isomorphism Tg H. See [18l | for a discussion 
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A simple argument [19|] then shows that the twisted flip operators defining statistics are: 
It is then easy to show that the symmetric exponential S^Y multiplying J^n^ in (j26p which 



differentiates Moyal from Wick-Voros disappears from the t^'^. Hence Tg^ = 

It follows then that the creation and annihilation operators in the two cases are twisted (essen- 
tially) in the same way^. If Op, ap and Cp, Cp are the "dressed" and "undressed" annihilation and 
creation operators in the Voros case, then^ 

' i (28) 



-V 



(29) 



ap = Cp exp I -pf,9'"'Pu and = exp --p^O^'^'P, 



where is the total four-momentum operator. For a free field of mass m, it is 

dp 



Py = j (^fJ-pPu^lc^p, d/ip = ^1^, \pq\ = \Ip^ ^ m^. 



We now explicitly check that the dependence in the Wick-Voros case produces non-trivial 
effects in quantum field theory even when there are no gauge fields. 

Let us first consider the Moyal case. The twisted free field (\)Y^ of mass m has the mode expansion 



2C| 



09 (x) 



d^p ttpCpix) + a^pe-p{x) 



(30) 



where Qjp , dp SiTQ (upto equivalence [20|]) Op, Op and where ep{x) = e^^'^. These fields at the same 
X must be multiplied with the Moyal * product As a consequence 2l| 

</,^*^0^*^...*^</)^ = (<^o<^o---<^o)exp('|5;;r'3pA </,o = </.^ . (31) 

ntin 

Using this identity, it has been proved elsewhere 12, l3( that in the Moyal case the 5-matrix 
Sg^ in the absence of gauge fields is independent of 

But this identity fails in the Wick-Voros case because of the extra twist in ([26|). One finds 
for a Wick-Voros field (/)Y of mass m. 



4 = moicPoye^M exp '-K.9''^P^ 



, exp ( - 9 • 9 ) </.o exp ( -d^e'^'^Pp ] (32) 



^ This remark merit s fii rther considerations. A full treatment of quantum fields on will be given in [2o| . 
^ Upto equivalence [20| which does not affect what follows. 



a formula which can be generahzed to the product of n fields: 

(pe *v (pe *v ••• *v <fie = '/'oexp (^d ■ (po exp d ■ d^...exp Q d ■ 9^(/>oexp (^^daO°''^ P^^ 

(33) 

Here the d 's differentiate all fields to the left and d 's differentiate all fields to the right. 

We can now evaluate the one-loop contribution to the propagator with interaction ^(pg *v (pg *V 
(pg *V (pg ■ Let US call p and q the momenta of the incoming ant outgoing particle, then its 0{X) 
correction is: 




In the case of Moyal, this self-energy does not show any 9 dependence. Here instead that is not 
the case. To see this, we note that 

/ d^x 4 *v-4 = 5\pi + P2 + P3 + vSoiPl) ■ ■ ■ MP4) n e^"""" (34) 

a<b 

where 

M^) = j d'kMky^"' (35) 

Hence the last factor in ([32]) becomes 1 and the matrix element {p\i J di^x^cp^ *y ■ • • (j^g^ \q) has 
the typical term 

d^fc 1 



constant x 6 {p — q) 



(27r)2 A;2 + m2 



(36) 



.a<b 

where one pa is p, another is — g and the remaining p^s are k. So we can see that the terms which 

mix the external momenta with the internal one cancel each other since they occur in an even 

number of terms with alternate signs. 

Finally we see that this diagram is proportional to 

d?k e-i*'" 6 2 f"" da e""'"" 



5\p - (?)n(i) = / " " , = e-|p' / j^,-, (37) 

^ ' ' (27r)2 + m2 (47r) | + a ^ ^ 
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where H^^^ has been evaluated using the Schwinger parametrization and is finite, since the "infrared' 



divergence has been removed by 9: 



e 

e2 




(38) 



which gets its usual divergent behaviour in the limit 0^ 



[2a,l2|. 



Equation (j37p shows a dependence on the sign of the symmetric part since a minus sign in 
(j26p will make the diagram even more divergent in Euclidean space than in the standard commuta- 
tive theory. An explanation of that can perhaps be found in the fact that the Wick-Voros product 
is obtained from the noncommutative algebra of operators by taking the expectation value in co- 
herent states. The sign in (I26p is obtained using the normal ordering of operators. The opposite 
choice, namely the anti-normal ordering, instead gives rise to the minus sign. The divergence of 
the diagram may then traced to the lack of proper definition of the latter^. 

VI. FINAL REMARKS 

We can now briefly outline how to generalize our considerations on the Wick-Voros twist ([8]) 
to 2A^-dimensions''. We can always choose so that 6^j_u-, now a 2N x 2N antisymmetric matrix, 
becomes a direct sum of 2 x 2 ones. By antisymmetry, these 2x2 matrices are of the form ([5]) 
but different 2x2 matrices may have different 0's. For every such 2x2 block, we have a pair of x's 
which can be treated as in the 2-dimensional case above. (Of course there is no twist in any block 
with a vanishing 9.) 

In conclusion when two algebras A and A! and its Hopf symmetries are both twisted, the 
equivalence at the level of classical fields using the two deformed structures requires the equivalence 
of both the twisted algebras and their Hopf symmetries in a precise sense. We have derived 
this condition. We have then shown that going to quantum theory, as often happens, introduces 
more complication. We have proven that, although the classical fields on Moyal and Wick-Voros 
planes satisfy the condition of equivalence given in the paper, their quantum field theories are 

^ We gratefully acknowledge Giuseppe Marmo for having pointed this out. 

^ In 2N + 1-dimensions, we can always choose 2N + 1 so that 6'^,2Ar+i=^2W+i,;t=0) 
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not equivalent. We have also explicitly shown this inequivalence by calculating a simple Feynman 
diagram. 
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